Notes for Lecture 21 Fri, 10/16/2026

(Cubic) splines: piecewise polynomial interpolation

If, given data points (xo, Yo), ..., (Tn, yn) (also called knots) with 2o <z; <... <z, we connect
them via straight lines, then we obtain what is called a linear spline. This linear spline interpolates
the given points but it is not a polynomial; instead it is a piecewise polynomial (namely, in this
case, it is a line on each segment [z;, z;41]).

A problematic feature of linear splines is their lack of smoothness. Between each linear piece, we usually have a

sharp corner at which the spline is not differentiable.

C™ smooth. We say that a function is C'™ smooth if its nth derivative exists and is continuous.

For instance, linear splines are C” (continuous) but not C'! (unless the spline is a single line).

Of particular practical importance are cubic splines which are piecewise polynomials where each
piece is a polynomial of degree 3 (or less).
On each segment [x;, z; 1], we therefore have 4 degrees of freedom (coming from the 4 coefficients of a cubic
polynomial). We need 2 of these to interpolate at the two endpoints. This leaves us with 4 — 2 = 2 degrees

of freedom which we can use to achieve smoothness. This allows us to demand that the first and the second
derivative agree with the neighboring pieces. Thus the resulting spline will be C? smooth.

A cubic spline S(z) through (xo, o), ..., (Zn, yn) wWith zo <z1 <... <z, is piecewise defined
by n cubic polynomials Si(x), ..., Sy (z) such that S(z) = S;(x) for x € [x;_1, x;|. Moreover:

e S(z) interpolates the given points.
This means that S;(z; —1) =v;—1 and Si(z;) =y; for € {1,...,n}. (2n equations)

e S(z)is C? smooth (i.e. it has a continuous second derivative).

This means that S/(z;) =S/ 1(z;) and S} (z;) = S{’\1(x;) for i€ {1,...,n —1}. (2n — 2 equations)

Note that there are 4n degrees of freedom for such a spline S(x), while we only have 2n +
(2n — 2) = 4n — 2 equations. To define a unique spline, we therefore need to impose 2 more
constraints. These are usually chosen as boundary conditions.

The following are common choices for the boundary conditions of cubic splines:

e natural: S{'(z¢)=S,/(x,)=0

The resulting splines are simply called natural cubic splines.
e not-a-knot: S{"(z1)=55"(x1) and S, (zy,—1) =S} 1(xp 1)
e periodic: S{(:Eo) = S;l({ljn) and S{/(:L’o) = Sr/{(il,’n) (only makes sense if yo=yn)

There are other common choices such as clamped cubic splines for which the first derivatives at the endpoints
are being set (“clamped”) to user-specified values.

Comment. The name “natural” comes from the fact that the resulting spline is what one gets if one pins thin
(idealized) elastic strips in the position of the given knots.

Comment. The “not-a-knot” condition has the consequence that S; = Sy and S, = S, 1 (because cubic
polynomials must be equal if they agree up to the third derivative at a point). Hence x; and x,, 1 are no longer
“knots’ between separate polynomials.
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As illustrated in the next example, we can compute splines (with 2 boundary conditions) by spelling
out the 4n defining equations. We can then solve the resulting linear equations using linear algebra.
There are, of course, various clever observations that make this approach more efficient. However,
since we have other sights to see on our journey, we will not get into these aspects.

Review. By Taylor's theorem (Theorem 54), applied to a function f(x) around = =z, we have

(n+1)!

nth Taylor polynomial error

(n (n+1)
)= o)+ o =)+ -+ L2 e L oy,

If f(x) is a polynomial of degree n, then f("+1)(ac) =0 so that f(z) is equal to its nth Taylor polynomial. In
particular, if f(x) is a cubic polynomial then, for any z,

fx)=a(x —x0)3 +b(x — 20)? +c(x — x0) +d,

with a:éf(?’)(xo), b=5fP(w0), c= f'(x0) and d= f(x0).

Example 107. Determine the natural cubic spline through (—1,2), (1,0), (2,5).

Sy(z), if ze[—1,1],

Solution. Let us write the spline as S(x) :{ Sale), if @ c [1,2]
2 k] ) N

To simplify our life, we expand both S; around x =1 (the middle knot).

Si(x) =ai(x —1)3+bj(x —1)% +ci(x — 1) +d;.

e As noted in the review above, d; = S;(1), ¢; = S{(1) and bi:%S{’(l). Because S(x) is C? smooth, we
have b1 = b2, ¢c1 =c2 and dy = ds. We simply write b, ¢ and d for these values in the sequel.

e d=0 because S1(1)=52(1)=0.

e S(x) further interpolates the other two points, (—1,2) and (2, 5), resulting in the following two equations:

Si(=1) = —8a;+4b—2c =2
52(2) = as+b+c =5

e The natural boundary conditions provide two more equations: (Note that S//(z) = 6a;(z — 1) + 2b;.)

S{(=1) = —12a1+2b=0
S5 (2) = 6as+2b=0

We use these last two equations to replace a1 = %b and as = —%b in the other two equations in terms of b:
f8o%b+4b720 = %b*QCIQ
1 2

Solving these two equations in two unknowns, we find b=3 and c¢= 3.
1 1 1
Consequently, a; = gb =5 and az = —gb =—1.

Hence, the desired natural cubic spline is

S(z)= 3(1—1)4-3(3:—1)24-(3:—1)3{ 5 it ze[-11],
—1, ifze1,2].

Armin Straub 68
straub@southalabama.edu



